We prove a general version of the homological perturbation lemma which works in the presence of curvature, and without the restriction to strong deformation retracts, building on work of Markl. A key observation is that the notion of strong homotopy equivalence of complexes (or objects in an abstract dg category) has a natural expression in the language of curved twisted complexes.
INTRODUCTION
1.1. Homological perturbation theory. Much of homological algebra concerns the problem of transferring information (or structure) from a complex (X, δ) to a complex (X, δ + α). For instance in the setting of abelian categories, the primary aim of spectral sequences is to relate the homologies of (X, δ) and (X, δ + α) under various circumstances.
In particular, the subject of homological perturbation theory concerns the following problem: given a homotopy equivalence of complexes (X, δ X ) (Y, δ Y ) and a "perturbed" differential δ X + α on X, construct a perturbed differential δ Y + β and a homotopy equivalence (X, δ X + α) (Y, δ Y + β). Note that this requires some hypotheses; for instance we could always take α = −δ X , and there are very few homotopy equivalences involving (X, 0).
Homological perturbation theory is an essential tool in homological algebra and has a long history, going back to Eilenberg-Maclane [EML53] . Traditionally, homological perturbation theory is only discussed in the context of strong deformation retracts (see for instance [GL89; GLS91] and the references therein), but Markl [Mar01] has shown how this restriction can be eliminated by introducing the notion of strong homotopy equivalence. This is a very useful observation, as every homotopy equivalence can be promoted to a strong homotopy equivalence (we give an elementary proof of this fact in Proposition 3.10).
In this paper we are concerned with the problem of homological perturbation theory for complexes with nonzero curvature, that is to say, complexes for which δ 2 = 0. We give some motivation for the appearance of curved complexes below. Let us mention that a curved version of the homological perturbation lemma can be found in [Tu14] , but with the restriction to strong deformation retracts. Without the crutch of strong deformation retracts, curved homological perturbation is quite a tricky matter. Nonetheless it turns out that strong homotopy equivalence is exactly what is needed for our curved homological perturbation result (which specializes to Markl's Ideal Perturbation Lemma [Mar01] in the case of zero curvature, see §4).
Remark 1.1. We should also point out the unpublished notes of Jeff Hicks [Hic19] , in which one finds a result concerning the transfer of curved A ∞ algebra structures along a homotopy equivalence. We do not see a direct relation with what is presented here, because in essence we fix a very boring curved A ∞ algebra, namely A = k[z] with curvature z and zero differential, and consider perturbation theory for curved dg A-modules (though we do not adopt this language in the sequel).
Why curved complexes?
In mathematics one often studies objects (topological spaces, schemes, etc) in families, and the same ought to be true of dg categories. Many familiar dg categories (such as categories of complexes) do naturally come in families, and one way to construct such families involves the consideration of curved complexes, as we now explain.
Let C = Ch b (A) be the dg category of complexes over a k-linear category A, and let z be an element of the center of A (i.e. a natural endomorphism of the identity functor). For instance we could take R to be a k-algebra, A = R-mod, and z ∈ Z(R). Let y denote a formal indeterminate of degree 2. Let Y denote the category whose objects are pairs (X, δ(y)) where X is a finite sequence of objects in A and
is a formal sum of endomorphisms of X with δ(y) 2 = z X y,
where z X ∈ End 0 C (X) denotes the action of z on X (i.e. the componentwise action of z on the chain objects X k ∈ A). From the boundedness assumption on X, the endomorphisms δ l are zero for all but finitely many l ∈ Z, so δ(y) is really a polynomial in y. The pair (X, δ) is a particular kind of curved complex with curvature z X y. These form a dg category, just as in the case of ordinary complexes (see §3.1). Remark 1.2. Writing the equation δ(y) 2 = z X y in terms of components, we see that δ 2 0 = 0, δ 1 ∈ End −1 C (X) is a homotopy for z X , and δ l for l ≥ 2 are certain higher homotopies. Remark 1.3. There is a dg functor Y → Ch b (A) which sets y = 0. But we can also specialize y to be any other element t ∈ k (this has the affect of collapsing the Z grading to a Z/2 grading), obtaining a 1-parameter family of dg categories Y t (t ∈ k) (though perhaps it is better to regard Y as a sheaf of dg categories on affine space A 1 k ). Remark 1.4. Any finite collection of central elements z 1 , . . . , z r in A determines in a similar fashion a sheaf of dg categories on A r k , by considering the dg category of complexes with curvature i z i y i . Such families can often shed light on the original category C = Ch b (A) (often by means of spectral sequences from hom complexes in C = Y t=0 to hom complexes in nearby categories Y t =0 ). One successful instance of this (and our primary motivation for considering curved complexes) is the main result of [GH17] , which relates the Hecke category in type A to the isospectral Hilbert scheme of points in C 2 . Remark 1.5. The notions of curved dg algebras and modules also appear naturally in symplectic topology and Fukaya categories (see [Aur14] , Remark 2.12). Additionally, matrix factorizations [Eis80] can also be regarded as certain kinds of curved complexes.
1.3. Outline of the paper. The remainder of the paper is written using the language of dg categories, the basics of which we recall in §2. Specifically, §2.1 introduces dg categories, functors, and natural transformations. In §2.2 we recall the notion of additive suspended envelope ΣC. In §2.3 we recall the notion of twists in a dg category (which is an abstraction of the relationship between complexes (X, δ) and (X, δ + α)). In §2.4 we recall the mapping cone construction and recall the standard result that cones detect homotopy equivalences.
In §3.1 we introduce the notion of curved twisted complexes over a dg category C. In §3.2 we introduce the notion of strong homotopy equivalence and explain how this can be expressed quite naturally in the language of curved twisted complexes. We also prove several very useful results, including how to promote a homotopy equivalence to a strong homotopy equivalence (Proposition 3.10). This uses the technical but useful fact that the data of a strong homotopy equivalence X Y is equivalent to the data of a strong homotopy equivalence Cone(X → Y ) 0 (Lemma 3.9).
§4 contains all the results on perturbation theory. The main result (Theorem 4.6) on curved homological perturbation theory is stated and proved in §4.1, and §4.2 develops useful corollaries of this main result (including Markl's Ideal Perturbation Lemma, stated as Corollary 4.9).
The category C(k) is monoidal with the usual tensor product of complexes
The tensor product of morphisms (needed in order to make sense of the above expression of δ X⊗Y ) is defined using the usual sign rule
This sign rule guarantees that the composition and tensor product are related by
which, in turn, guarantees that δ 2 X⊗Y = 0. In fact C(k) has the structure of a symmetric monoidal category, with the braiding morphisms defined by
The sign here is necessary in order to guarantee naturality of τ X,Y with respect to morphisms of nonzero degree:
(
for all f ∈ Hom C (X, X ) and all g ∈ Hom C (Y, Y ).
DG categories.
Definition 2.1. A k-linear category C is called a dg category if each hom space Hom C (X, Y ) is a Z-graded complex of k-modules and composition of morphisms defines a chain map
Equivalently, a dg category is a category enriched in C(k).
The differential in the hom space Hom C (X, Y ) is denoted simply by d or d C . Since the tensor product differential on Hom C (Y, Z) ⊗ k Hom C (X, Y ) is given by d C ⊗ id + id ⊗d C , the condition that composition of morphisms be a chain map is equivalent to the Leibniz rule
where |f | ∈ Z is the degree of f . Example 2.2. If A is a k-linear category, then we let Ch(A) denote the category of complexes over A, with hom spaces given by the complexes Hom Ch(A) (X, Y ) with
and differential given by the super-commutator
It is an exercise to check that [δ, [δ, f ]] = 0, and the Leibniz rule is satisfied, so that Ch(A) is a dg category.
The following is standard terminology.
for some h ∈ Hom C (X, Y ). Closed (resp. exact) morphisms are called cycles (resp. boundaries). Exact morphisms are also called null-homotopic. More generally, two morphisms f, g ∈ Hom l C (X, Y ) are homotopic (written f g) if f − g is exact. We let Z 0 (C) denote the category with the same objects as C but morphisms the degree zero closed morphisms in C.
The homotopy category (or cohomology category) H 0 (C) is the category with the same objects, but morphisms the degree zero cycles mod boundaries.
An isomorphism in C is a closed degree zero invertible morphism in C. A closed degree zero morphism f ∈ Hom C (X, Y ) is a homotopy equivalence if it represents an isomorphism in H 0 (C). We say that a collection of maps
An object X ∈ C is contractible if X 0 or, equivalently, id X is an exact morphism. In this case any h ∈ End −1 C (X) with d C (h) = id X is called a null-homotopy or contracting homotopy for X.
Remark 2.4. We emphasize that there may be many invertible morphisms in C, but the word isomorphism is reserved for the closed degree zero invertible morphisms. We use ∼ = to denote isomorphism in C (equivalently, isomorphism in Z 0 (C)) and to denote isomorphism in H 0 (C).
Remark 2.5. An ordinary k-linear category A can be regarded as a dg category with Z 0 (A) = A (hence also H 0 (A) = A).
Remark 2.6 (Consequences of the Leibniz rule). Note that identity morphisms are automatically closed by applying the Leibniz rule to d C (id X ) = δ C (id X • id X ).
If f is an invertible (not necessarily degree zero) morphism C then applying the Leibniz rule to f • f −1 yields
In particular the inverse of a closed morphism is automatically closed.
Example 2.7. If A is a k-linear category the degree zero cycles and boundaries in the dg category of complexes Ch(A) are exactly the degree zero chain maps and null-homotopic chain maps, respectively. Thus the cohomology category H 0 (Ch(A)) =: K(A) is the usual homotopy category of complexes.
Remark 2.8. One can consider dg categories which are graded by abelian groups other than Z. If Γ is an abelian group then in order to develop the theory of differential Γ-graded categories we need to endow Γ with two additional pieces of data:
(1) a symmetric bilinear form , : Γ → Z/2.
(2) a distinguished element ι ∈ Γ with ι, ι = 1.
The distinguished element ι is the degree of all differentials, and the form , is used in the formulation of the Koszul sign rule for "commuting things past one another". More precisely, it is used in defining the symmetric monoidal structure in the category of Γ-graded k-modules. This is necessary to define the notions of natural transformation and opposite category, among other things. Moreover, the group homomorphism p : Γ → Z/2 sending j → j, ι enters in the definition of the Leibniz rule.
For simplicity we often stick to the case of Zor Z/2-graded dg categories with i, j := ij (mod 2) and distinguished element ι = 1.
2.1.3. DG functors and natural transformations. If C and D are dg categories, a dg functor F : C → D is a functor whose action on hom spaces is a degree zero chain map
Direct sum and suspension.
Definition 2.9 (Additive and suspended envelope). If C is a dg category, let ΣC denote the dg category whose objects are formal expressions i∈I X i [b i ] in which I is a finite set, X i ∈ C, and b i ∈ Z. The morphism complexes in ΣC are defined by
and composition
If I = {1, . . . , r} and J = {1, . . . , s} then the components f ji ∈ Hom C (X i , Y j ) of such a morphism can be arranged in to an s × r matrix
Then composition is just matrix multiplication together with composition in C, and the differential just takes the differential component-wise up to a sign (depending only on the row):
. To understand and remember the signs in the above definition, suppose
Then we have an identification of hom spaces
where ϕ ∈ Hom C (X , X) and θ ∈ Hom C (Y , Y ) are chosen closed invertible maps of degrees k and l, respectively. This identification adjusts gradings according to
and also respects differentials only up to a sign:
by the Leibniz rule (since θ and ϕ −1 are closed).
Remark 2.11. Whether or not X[k] exists as an object of C is a property, not a structure, since any two objects Z 1 , Z 2 ∈ C equipped with closed invertible degree k morphisms θ i :
exists as an object of C for all X ∈ C and all k ∈ Z (equivalently X[±1] exist in C for all X ∈ C). In this case the canonical dg functor C → ΣC is essentially surjective as well as fully faithful, hence is an equivalence of dg categories. The same argument shows that ΣΣC ΣC always.
Example 2.12. If C = Ch(A) and X ∈ Ch(A) is a complex, then let X[1] denote the complex with chain objects X[1] k = X k+1 (so X[1] is X shifted to the left) and differential d X[1] = −d X .
Observe that the identity id X can be regarded as a closed degree 1 closed morphism θ X : X[1] → X (for θ X to be closed it is important that the differential on X[1] is negated). Thus the notation for X[1] is the suspension of X in the sense described above, thereby justifying the notation. If A is additive then it follows that Ch(A) is also additive as well as suspended, and Σ Ch(A) Ch(A).
Example 2.13. Let A be an additive k-linear category, which we may regard as a dg category with trivial grading and differential. It is an easy exercise in universal properties to show
, where the former '⊕' denotes direct sum in A and the latter denotes formal direct sum, in ΣA. Thus each object in ΣA is isomorphic (after collecting like terms) to a formal direct sum of the form k∈Z X k [−k] with X k = 0 for all but finitely many k. Such objects may be visualized as sequences, or Z-graded objects of C, in which X k is placed in degree k (using the cohomological convention for shift [1]).
Thus, ΣA is equivalent to the dg category of finite complexes over A with zero differential.
This dg category has trivial differential but nontrivial Z-grading. The process of "turning on differentials" is sometimes called twisting, and can be expressed in the language of abstract dg categories. We consider this next.
Twists.
Definition 2.14. If C is a dg category, then let Tw(C) denote the category whose objects are formal expressions tw α (X) with X ∈ C and α ∈ End C (X) is a degree 1 endomorphism satisfying the Maurer-Cartan equation
Morphism spaces in Tw(C) are defined by
The Leibniz rule for d Tw(C) is easily checked, as is the fact that d 2 Tw(C) = 0. Thus, Tw(C) defines a dg category. This category is called the twisted envelope of C. The category Tw(ΣC) (see Definition 2.9) is called the category of twisted complexes over C [BK90] .
To motivate the definition of Tw(C), consider the following. Let X, X ∈ C be objects. We say that X is a twist of X if there is a degree zero invertible morphism ϕ : X → X (not necessarily closed). Given such a morphism ϕ, we define an endomorphism α ∈ End C (X) of degree 1 by α := ϕ −1 • d C (ϕ) or, equivalently, either of the equations
The fact that α satisfies equation (2.2) is an easy computation:
. In this case we say that X is a (the) twist of X by α and we write X ∼ = tw α (X).
Then Tw(C) can be thought of as the category obtained from C by formally adjoining all twists of all objects. The nature of hom complexes Tw(C) can be explained as follows. If X ∼ = tw α (X) and Y ∼ = tw β (Y ) then we have an identification of hom spaces
where ϕ : X → X and ψ : Y → Y are degree zero invertible maps with d C (ϕ) = ϕ • α and d C (ψ) = ψ • β. This identification preserves grading but not differentials. Indeed, the differential on Hom C (X, Y ) induced by that on Hom C (X , Y ) is given by
This explains the definition of Tw(C).
Remark 2.15. We say that C is closed under twists if the twist of X by α exists as an object of C for all X ∈ C and all Maurer-Cartan endomorphisms α ∈ End C (X). In this case the canonical dg functor C → Tw(C) is an equivalence of dg categories. It is not hard to see that Tw(C) is closed under twists, so Tw(Tw(C)) Tw(C) always (see §2.3.1 below).
Example 2.16. Let A be a k-linear category and, and let A Z be the dg category category whose objects are sequences of objects in A, regarded as a dg category with zero differential (but nontrivial grading on hom spaces). Then Tw(A Z ) = Ch(A), the usual dg category of complexes.
Example 2.17. In the case C = Ch(A) and (X, δ 1 ), (X, δ 2 ) are complexes, the identity map gives a degree zero invertible morphism (X, δ 1 ) → (X, δ 2 ) whose associated Maurer-Cartan endomorphism is δ 2 − δ 1 . Conversely, α is a Maurer-Cartan endomorphism of (X, δ) if and only if [δ, α] + α 2 = 0, which occurs if and only if (δ + α) 2 = 0. In this case (X, δ + α) is the twist of (X, δ) by α.
Finally, Tw(Ch(A)) is equivalent to Ch(A) via the dg functor Tw(Ch(A)) → Ch(A) sending tw α ((X, δ)) → (X, δ + α).
2.3.1. Additivity of twists. Let α, β ∈ End 1 C (X) be endomorphisms such that α and α + β both satisfy the Maurer-Cartan equation. Consider id X as a degree zero invertible morphism ϕ : tw α (X) → tw α+β (X) in Tw(C). The differential of this morphism is
Thus, tw β (tw α (X)) is a well-defined object of Tw(Tw(C)) if and only if tw α (X) and tw α+β (X) are well-defined objects of Tw(C), in which case we have a canonical isomorphism (2.3).
Mapping cones.
Definition 2.18. If f : X → Y is a closed degree zero morphism in C then Cone(f ) is defined to be the twisted complex
then
which corresponds to the image of
under the equivalence Tw(Tw(ΣC)) → Tw(ΣC).
The following is standard (see Theorem 2.10 in Chapter 4 of Spanier [Spa81] 
The differential of H, regarded as an endomorphism of Cone(f ) = tw 0 0 f 0
This equals id Cone(f ) if and only if
Thus, if Cone(f ) is contractible then there is a closed g ∈ Hom(Y, X) such that f g id Y and gf id X . To complete the proof, we have to show that if we are given morphisms g ∈
(2), (4) above, then these data can always be chosen so that the degree 0 cycle z := kf − f h is a boundary (this is exactly the content of equation (3) above).
To this end, assume that are given f, g, h, k satisfying d(f ) = 0 as well as (1), (2), (4) above. Define the following elements An easy exercise shows that
Thus (−h , g, m, k) are the components of a null-homotopy for Cone(f ).
STRONG HOMOTOPY EQUIVALENCES AND CURVATURE
Let C be a dg category. Above we saw how to construct dg categories ΣC and Tw(C).
The composite Tw(ΣC) is called the category of twisted complexes over C; if A is a k-linear additive category then Tw(ΣA) is just the usual category of bounded complexes over A. In this section we consider a generalization of this construction to the category of curved twisted complexes.
Even though the notion of curved complexes may initially seem exotic, many important concepts in dg categories (for instance strong homotopy equivalence, as we will see) are most naturally expressed in the language of curved complexes.
Curved twisted complexes.
Definition 3.1. Let C be a dg category. A curved twisted complex in C is a triple (X, α, z) where X ∈ C, z ∈ End C (X) is a degree 2 endomorphism (not necessarily closed), and α ∈ End C (X) is a degree 1 endomorphism satisfying the Maurer-Cartan equation (with curvature z)
The differential of f , regarded as a morphism of curved twisted complexes, is
With these definitions, the curved twisted complexes form a dg category, denoted cTw(C).
Example 3.2. If C = A Z is the category of Z-graded objects, then a curved twisted complex over C is just a triple (X, δ, z) where X ∈ A Z and δ is a degree 1 endomorphism of X satisfying δ 2 = z. Thus a curved twisted complex in this case is just a "complex" whose differential does not square to zero. We will refer to such objects as curved complexes.
Morphisms of curved complexes need not commute with the differentials δ, but they do need to commute with their curvatures δ 2 . Example 3.3. Let be a formal indeterminate of degree 2 satisfying 2 = 0, and let C = A Z ⊗ k[ ]/ 2 . Objects of this category are the same as objects of A, but we adjoin to all hom complexes. In other words a degree l morphism f : X → Y in C is a formal sum
, and composition is defined by
Let (X, δ) ∈ Ch(A) be an ordinary chain complex and t : X → X a degree zero chain map which is null-homotopic: t = δ • h + h • δ for some degree −1 map h : X → X. Then δ + h gives X the structure of a curved complex with curvature t, since
Thus cTw(C) contains as a full dg subcategory a category whose objects are complexes (X, δ) equipped with a null-homotopic endomorphism (and a choice of trivializing homotopy h).
As a special case we find that the data of a curved complex (X, δ + h, id) is equivalent to the data of a contracting homotopy for the complex (X, δ).
Strong homotopy equivalence.
We introduce the notion of strong homotopy equivalence between two objects of a dg category and reinterpret in the language of curved twisted complexes. The definition below is adapted from [Mar01] .
Definition 3.4. Let be a formal indeterminate of cohomological degree 2. Let R s.h.e. denote the k -linear dg category with two objects X, Y and morphisms freely generated by morphisms f, g, h, k where f : X → Y and g : Y → X have degree zero, h : X → X and k : Y → Y have degree −1, with the differentials defined by
Since we impose no relations between morphisms, the differential extends uniquely to arbitrary morphisms in R s.h.e. via the Leibniz rule. However, it must be checked that d 2 is zero on morphisms. It suffices to check this on the generating morphisms, which is an easy exercise. For instance, to check that d 2 (f ) = 0 we must check that that right hand side of (3.1a) is automatically closed. Indeed:
and it follows that d 2 (f ) = 0. The other identities d 2 (g) = d 2 (h) = d 2 (k) = 0 are proven just as easily. Now, let C be a dg category and consider the dg category C . Objects of this category are the same as objects of C, and morphism complexes are obtained from those in C by extending scalars from k to k . Definition 3.5. A strong homotopy equivalence in a dg category C is a k -linear dg functor F : R s.h.e. → C . More concretely, a strong homotopy equivalence consists of a pair of objects X, Y ∈ C and formal series of morphisms
satisfying relations (3.1a), (3.1b), (3.1c), and (3.1d). Here we are abusing notation, denoting objects and morphisms in R s.h.e. and their images in C by the same notation. Setting = 0, we see in particular that f 0 , g 0 , h 0 , k 0 give the data of a homotopy equivalence X Y in C. Let us attempt to explain the (obstruction theoretic) meaning of some of the other components f i , g i , h i , k i . The degree 1 part of (3.1a), for instance is equivalent to
In other words, the homotopy equivalence f 0 intertwines the homotopies h 0 , k 0 up to homotopy. The component g 1 admits a similar interpretation.
The degree 1 part of (3.1c) yields
The right hand side is some degree −2 element of End C (X) (automatically closed from the proof that d 2 s.h.e. = 0), which is null-homotopic via h 1 . In this way all the components f i , g i , h i , k i for i ≥ 1 can be realized as killing an infinite family of obstructions constructed from themselves (and f 0 , g 0 , h 0 , k 0 ).
Remark 3.6. Markl [Mar01] has shown that the dg category R s.h.e. which represents strong homotopy equivalences is a cofibrant resolution of the dg category R iso which represents isomorphisms (consists of two objects X with closed degree zero mutually inverse isomorphisms X ↔ Y ).
3.2.1.
Strong homotopy equivalences and curvature. If f, g, h, k give a strong homotopy equivalence X Y in C, then (3.1c), (3.1d) are equivalent to the equations
which is equivalent to saying (X, h) and (Y, k) are curved twisted complexes with curvature (id X −g • f ) and (id Y −f • g), respectively. Moreover, (3.1a), (3.1b) are equivalent to the equations
so f and g are closed morphisms of twisted complexes (note also that f and g intertwine the curvatures as they should:
We collect all of this in the following.
Observation 3.7. The data of a strong homotopy equivalence is equivalent to the data of:
(1) curved twisted complexes (X, h, z X ), and (Y, k, z Y ) in cTw(C ).
(2) closed degree zero morphisms f : (X, h, z X ) ↔ (Y, k, z Y ) : g such that
3.2.2.
From homotopy equivalences to strong homotopy equivalences. In this section we show that each X and Y are homotopy equivalent in C if and only if they are strongly homotopy equivalent. We prove this by showing that both are equivalent to the strong contractibility of Cone(X → Y ), as defined next.
A strong null-homotopy or strong contracting homotopy for X is the data of a strong homotopy equivalence X 0, i.e. a formal series
satisfying d(h( )) + h( ) 2 = id X . In this case we call h( ) a strong contracting homotopy.
Lemma 3.8. If h 0 is a contracting homotopy for X, then
is a strong contracting homotopy for X, where C 0 , C 1 , . . . are the Catalan numbers.
Proof. First observe that d(h 0 ) = id X implies:
The Catalan numbers satisfy the well-known recursion
adopting the convention that C i = 0 for i < 0. Thus,
All terms cancel except for the k = 0 zero term in the sum on the left. This term equals id X .
The following helps give some perspective on the definition of strong homotopy equivalence.
Lemma 3.9. Let f 0 : X → Y be a closed degree zero morphism in C. Then a matrix of morphisms where γ = 0 0 f 0 0 . Because of the signs involved in the differential in ΣC (Definition 2.9) this is equivalent to
which is equivalent to the system of equations
This proves the lemma.
Proposition 3.10. Any homotopy equivalence f 0 , g 0 , h 0 , g 0 in a dg category C lifts to a strong homotopy equivalence, possibly after modification of h 0 or k 0 .
Proof. Suppose we are given the data of a homotopy equivalence (f 0 , g 0 , h 0 , k 0 ) relating X and Y . That is to say f 0 ∈ Hom 0
After modifying h 0 if necessary (as in the proof of Lemma 2.19) we may also suppose we are given
defines a null-homotopy for Cone(f ). It then follows that
defines a strong contracting homotopy for Cone(f ) by Lemma 3.8. The data of the strong homotopy equivalence X Y can then be extracted from the components of H( ) by Lemma 3.9. In particular f ( ), g( ), h( ), k( ) can be written explicitly in terms of the inital data f 0 , g 0 , h 0 , k 0 , and f 1 .
HOMOLOGICAL PERTURBATION
4.1. The curved ideal homological perturbation lemma. To begin with, we introduce an auxilliary notion that will help frame the discussion below.
Definition 4.1. Let X, Y ∈ C be objects of a dg category and let z be a degree 2 closed element of the center of C (natural transformation of the identity functor). Then a z-homotopy equivalence X Y is the data of morphisms in C:
Remark 4.2. 0-homotopy equivalence is just a homotopy equivalence in the usual sense.
Remark 4.3. A strong homotopy equivalence X
Y is the same thing as an -homotopy equivalence X Y in C .
Remark 4.4. If f ( ), g( ), h( ), k( ) are the data of a strong homotopy equivalence X Y then specializing = z yields a z-homotopy equivalence X Y in C, provided that the series
are well-defined morphisms in C (for instance if z is nilpotent or more generally if there is a two-sided ideal n, with respect to which C is complete, containing z l for some l ∈ N).
Lemma 4.5. Let f, g, h, k be a z-homotopy equivalence relating X, Y in C. Let (X, α, z) be a curved twisted complex with curvature z, such that id X +α • h is invertible in End 0 C (X), and define morphisms
Then (Y, β, z) is a well defined curved twisted complex, and F, G are closed degree zero morphisms of curved twisted complexes with d(H) = id (X,α,z) −G • F .
Proof. We omit the proof as it is a straightforward computation and actually follows from the proof of Theorem 4.6 below by setting = 0.
This appears very close to a proof that (X, α, z) and (Y, β, z) are homotopy equivalent and, indeed, in some cases (e.g. if z = 0; see Corollary 4.10) this is already enough information to draw such a conclusion. However, to prove this formally requires an expression for the remaining piece of data: K. Defining K is a tricky matter. Luckily, Markl has already told us how this is done in the case of zero curvature (spoiler alert: it requires the data of a strong homotopy equivalence).
Theorem 4.6 (Curved homological perturbation lemma). Let z be a closed degree 2 element of the center of C, and let X, Y ∈ C be given. Let f ( ), g( ), h( ), k( ) be the data of a strong homotopy equivalence X Y in C. Assume that C is complete with respect to a two-sided ideal n containing z. Assume that (X, α, z) is a curved twisted complex with α ∈ End C (X) ∩ n. Define morphisms
Then F ( ), G( ), H( ), K( ) define a strong homotopy equivalence relating the curved twisted complexes (X, α, z X ) and (Y, β, z Y ).
Note that formal series such as
are well-defined from our assumption of completeness. Additionally, after setting = 0, we obtain the data f (0), g(0), h(0), k(0) of a z-homotopy equivalence X Y in C, and furthermore the above expressions for F (0), G(0), H(0) and β are as constructed in Lemma 4.5.
Note also that β is intended to be an endomorphism of Y in C (equivalently an endomorphism in C with only constant term), so equation (4.2a) defines β to be the 0 coefficient of the right-hand side, with all higher -degree terms defining K( ).
Proof. For the proof we will abbrevate by writing f = f ( ), F = F ( ), and so on, and also writing 1 = id, and omitting all occurences of •. We also abbreviate by introducing
For the reader's convenience we recall all of the initial assumptions and definitions:
and we must show that
Note that equations (4.3d), (4.3e) are equivalent to
Many of the details of the below computations are easily verified but tedious, and we omit them. Compute:
which proves (4.3a). Compute:
Adding these yields
which proves (4.3b). Compute:
Adding these gives d(H) = 1 − GF − αH − Hα − H 2 , which proves (4.3c). Finally, to prove (4.3f), one computes
Adding all of these gives (4.3f) and completes the proof.
Corollaries.
In this section we extract some useful corollaries of Theorem 4.6. Many concrete applications of homological perturbation are instances of the following.
Corollary 4.7. Let (I, ≤) be a poset with the property that for each i ∈ I, there are finitely many j ∈ I such that i ≤ j. Let X i ∈ C be objects indexed by i ∈ I, and suppose we have a curved twisted complex ( i X i , α, z) ∈ cTw(C) where z is in the center of C and α is strictly lower triangular with respect to the partial order on I (i.e. the component α ji of α from X i to X j is zero for i > j).
Then if X i Y i for some objects Y i ∈ C then there is a homotopy equivalence ( i X i , α, z) ( i Y i , β, z) where β is strictly lower triangular.
Proof. Fix the poset I. Define an auxilliary dg category C as follows. Objects of C are objects in C equipped with a direct sum decomposition X = i∈I X i , and morphism complexes in C are
where this latter isomorphism follows since the direct sum j≥i Y j is finite (for fixed i) by assumption. That is to say, a morphism in C is a morphism in C which is weakly lower triangular with respect to the given direct sum decompositions. Let n denote the two-sided ideal of C consisting of morphisms which are strictly lower triangular. Then C is complete with respect to n, and the rest of the proof is an application of Theorem 4.6.
Remark 4.8. There is a dual version, in which is replaced by , and the boundedness condition on I is reversed. The statement and its proof can be obtained by passing to the opposite category.
The following is Markl's Ideal Perturbation Lemma [Mar01] , stated in our language. Note that it is essentially the curvature zero version Theorem 4.6, except that we do not assume given a 2-sided tensor ideal containing α, with respect to which C is complete. Proof. From the assumptions, id X +α • h( ) and id X +h( ) • α are invertible elements of End C (X) since they are formal series in with invertible constant terms. Thus, the morphisms F ( ), G( ), H( ), and K( ) are well-defined. That they satisfy the desired relations follows from Theorem 4.6 (or its proof) with z = 0.
As was shown already, any homotopy equivalence X Y gives rise to a strong homotopy equivalence. It is often useful to bypass strong homotopy equivalences altogether, via the following.
Corollary 4.10. In the setup of Lemma 4.5 with curvature z = 0, the maps F, G are inverse homotopy equivalences tw α (X) tw β (Y ).
Proof. Let f 0 , g 0 , h 0 , k 0 denote some chosen homotopy equivalence data X Y in C. Modifying k 0 if necessary (as in the proof of Lemma 2.19) we may as well assume the existence of g 1 ∈ End −2 C (Y ) such that d(g 1 ) + h 0 g 0 − g 0 k 0 . Then −k 0 f 0 g 1 h 0 defines a contracting homotopy for Cone(g 0 ). From these initial data f 0 , g 0 , h 0 , k 0 and g 1 we can construct the data of a strong homotopy equivalence X Y via and g( ) := g 0 + c( ), as Lemma 3.9 and Lemma 3.8. Then, from f ( ), g( ), h( ), k( ) we construct β ∈ End 1 C (Y ) as well as the data F ( ), G( ), H( ), K( ) of a strong homotopy equivalence tw α (X) tw β (Y ) as in Corollary 4.9. Setting = 0, we obtain F (0), G(0), H(0), which are exactly the maps from Lemma 4.5 constructed from f 0 , g 0 , h 0 (with curvature z = 0). In particular F (0) and G(0) are inverse homotopy equivalences.
